We present new method for the numerical reconstruction of the variable refractive index of multi-layered circular weakly guiding dielectric waveguides using the measurements of the propagation constants of their eigenwaves. Our numerical examples show stable reconstruction of the dielectric permittivity function ε for random noise level using these measurements.
Introduction
The development of analytical methods for the study of mathematical models, the development and the justification of efficient numerical methods for the solution of spectral problems of the theory of dielectric waveguides attract the much attention (see, for example, [3, 6, 12] ). Dielectric waveguides form the basic components of the microdevices used in the field of integrated optics, photonics, and laser technology. The development of analytical methods for the study of mathematical models of optical microdevices, the development of numerical methods for accurate and stable computations of their characteristics are essential for designing and optimizing of such devices.
The problem of reconstruction of the refractive index of an inhomogeneous dielectric waveguide from the measurements of the propagation constants of its eigenwaves is very urgent. Universal numerical methods of reconstruction of refractive index of dielectric objects are designed for coefficient inverse diffraction problems and ignore the waveguide properties of the devices (see, for example, [4] ). The methods for the determination of the optical characteristics of dielectric waveguides are proposed for waveguides of some special forms (see, for example, [16, 18] ). For instance, the waveguide spectroscopy is widely used for planar (one-dimensional) multi-layered waveguides [11] . For such waveguides the characteristic equation (a transcendental equation which connects the refractive indices of the waveguide's layers with the propagation constants of its eigenwaves) is well known. The method consists in minimization of a functional, depending on the refractive indices of the layers. The value of the functional is equal to the distance between the vector of calculated (as the roots of the characteristic equation) propagation constants and the vector of experimentally measured propagation constants. Considerable efforts have been directed towards the development of effective methods of minimization of this functional [13, 14] .
This method was extended in our previous works to the two-dimensional problem for the waveguide with the piecewise-constant refractive index and an arbitrary cross-sectional boundary [8, 9] . The role of the "characteristic equation" is played by the system of two boundary weakly singular integral equations whose kernels depend on the propagation constants and refractive indices of the vaweguide and the environment. We presented new numerical methods for the solution of the inverse spectral problem to determine the dielectric constants of core and cladding in optical fibers. These methods use measurements of propagation constants. Our algorithms are based on approximate solution of a nonlinear nonselfadjoint eigenvalue problem for a system of weakly singular integral equations. We studied the inverse problem and proved that it is well posed. Our numerical results indicated good accuracy of new algorithms. Clearly, the generalization of this method for an inhomogeneous waveguide is an urgent task. Theoretical justification of this method is a very interesting problem.
In the presented paper we construct a Tikhonov functional and propose a method for the numerical reconstruction of the variable refractive index of multi-layered circular weakly guiding dielectric waveguides from the measurements of the propagation constants of their eigenwaves. We theoretically investigate the Tikhonov functional and demonstrate the practical effectiveness of the proposed method. The success in the Tikhonov regularization method largely depends on a good initial approximation to the solution. The matematical analysis of the forward problem has allowed us to find a good first approximation to the refractive index of the waveguide [7, 19] . This is confirmed by the numerical experiments of solving the similar inverse problems [8, 9] . Using this initial approximation, in this paper we compute solutions of the investigated problem and demonstrate that the algorithm is accurate and stable.
Main equations
Let us consider a multi-layered circular optical fiber shown at Figure 1 as a regular cylindrical dielectric waveguide in a free space. The axis of the cylinder is parallel to the x 3 -axis. Suppose that the circles separating the layers of the waveguide have the radiuses r l , l = 1, 2, . . . , n. Let the permittivity be prescribed as a positive piecewise constant function ε which is equal to a constant ε e for r = x Eigenvalue problems of optical waveguide theory [15] are formulated on the base of the set of homogeneous Maxwell equations
Here, E and H are electric and magnetic field vectors; ε 0 and µ 0 are the free-space dielectric and magnetic constants. Nontrivial solutions of set (2) which have the form
are called the eigenwaves of the waveguide. Here, positive ω is the radian frequency, β is the propagation constant, E and H are complex amplitudes of E and H, x = (x 1 ,x 2 ).
In forward eigenvalue problems the permittivity is known and it is necessary to calculate longitudinal wavenumbers k = ω √ ε 0 µ 0 and propagation constants β such that there exist eigenmodes. The eigenmodes have to satisfy transparency conditions at the boundaries and satisfy an condition at infinity. In inverse problems considering in this work it is necessary to reconstruct the unknown permittivity ε by some information on natural eigenwaves which exist for some eigenvalues k and β.
The domain Ω e = {x ∈ R 2 : r > r n } is unbounded. Therefore, it is necessary to formulate a condition at infinity for complex amplitudes E and H of eigenmodes. Let us confine ourselves to the investigation of the surface modes only. The propagation constants β of surface modes are real and belong to the interval G = (kε e ,kε + ). The amplitudes of surface modes satisfy to the following condition:
Here, σ = β 2 − k 2 ε e > 0 is the transverse wavenumber in the cladding. Denote by χ l = k 2 ε l − β 2 the transverse wavenumbers in the waveguide's layers. Under the weakly guidance approximation [15] the original problem is reduced to the calculation of numbers k and β such that there exist nontrivial solutions u = H 1 = H 2 of Helmholtz equations
which satisfy the transparency conditions
Here
is the limit value of a function u from the interior (respectively, the exterior) of γ l .
Let us calculate nontrivial solutions u of problem (5)- (7) in the space of continuous and continuously differentiable in Ω e and Ω l , l = 1, 2, . . . , n, and twice continuously differentiable in Ω e and Ω l , l = 1, 2, . . . , n, functions, satisfying condition
Denote by U described functional space. We solve problem (5)- (7) by the method of separation of variables using polar coordinates (r,ϕ) and look for the function u ∈ U \ {0} in the form
Then 
(10) Here
where l = 2, 3, . . . , n − 1. System (10) has a nontrivial solution if and only if the determinant of its matrix is equal to zero:
The last condition in the theory of optical waveguides is called the characteristic equation.
Ill-posed problems
In this section on the base of characteristic equation (11) we formulate problems of reconstruction of the unknown permittivity ε by some information on the fundamental eigenwaves which exist for some k and β. In the case of the fundamental eigenwave the permittivity ε are connected with each value of the propagation constant β and each value of the longitudinal wavenumber k by characteristic equation (11) with m = 0:
(12) Here
, where l = 2, 3, . . . , n − 1.
We suppose that the permittivities ε 1 , ε 2 , ... ε n , ε e are real and satisfy conditions (1) . Denote by ε = (ε 1 ,ε 2 , . . . ,ε n ,ε e ) ∈ R n+1 the vector of the permittivities of the waveguide. Then we can write condition (1) in the matrix form:
where µ is a small positive number. Suppose that we know m ≥ n + 1 pairs of values of the longitudinal wavenumber and the propagation constant of the fundamental eigenwave of the waveguide: (k i ,β i ), i = 1, 2, . . . , m. Let us introduce m functions f i (ε) of the variable ε by the following way:
Here A is the matrix defined in (12) . By cond we denote the condition number of A. Clearly, all f i are non-negative and if ε satisfies characteristic equation (12) , then f i (ε) = 0, i = 1, 2, . . . , m. Let us introduce the nonlinear operator F : R n+1 → R m by the formula:
It seems natural to find the vector ε of the permittivities as a solution of the problem
it also seems useful to study along with (14) the minimization problem
but this way is not correct. Problems (14) and (15) are not equivalent; each solution of (14) is evidently a global minimizer of problem (15) while a solution of (15) do not necessarily satisfy (14) . Moreover, problems (14) and (15) are ill-posed (see, for example [2] ). The ill-posedness of these problems means that analyzing problems close in some sense to (14) and (15), we can not guarantee that solutions to these perturbed problems are close to corresponding solutions of the original ones.
The Tikhonov functional
In real-life applications for each fixed longitudinal wavenumber the propagation constant of the fundamental eigenwave of the waveguide is measured by physical experiments. Denote by (k i , β i ), i = 1, 2, . . . , m, these values. Denote by F : R n+1 → R m the perturbed operator, where
Therefore instead of original problem (14) we have perturbed problem
We suppose that the perturbation is small, namely,
Here the small parameter δ ∈ (0,1) characterizes the level of the error in data, ε * is the exact solution of non-perturbed problem (14) .
As we have seen, problem (14) is a classical ill-posed problem [20] . Thus, we assume that there exists the exact solution ε * to our problem (14) but we never will get this solution in computations. Because of that we call by the regularized solution ε α some approximation of the unknown exact solution ε * which is satisfied to the requirements of closeness to the exact solution ε * and stability with respect to the small errors δ.
We use Tikhonov regularization algorithm (see [20] ) which is based on the minimization of the Tikhonov functional. Thus, to find regularized solution ε α of problem (16), we minimize the Tikhonov regularization functional
where α = α (δ) > 0 is a small regularization parameter. The choice of the point ε 0 and the regularization parameter α depends on the concrete minimization problem. This question will be investigated later by numerical experiments. Usually ε 0 is a good first approximation for the exact solution ε * . It follows from [20] that an algorithm for solution of the equation (16) which is based on the minimization of the Tikhonov functional (17) is the regularization algorithm, and the element ε α ∈ R n+1 where the functional (17) reaches its minimum is the regularized solution.
In our theoretical investigations below we need reformulate results of [5, 4] for the case of our IP. In this section below || · || denotes R n+1 norm. Let H 1 be the finite dimensional linear space. Let Y be the set of admissible parameters for ε ∈ R n+1 defined in (13) and let us define by Y 1 := Y ∩ H 1 with G :=Ȳ 1 . Now the operator F : G → H 2 corresponds to the operator in the Tikhonov functional (17) .
We now assume that the operator F (ε) defined in (16) is one-to-one and denote by V r (ε) neighborhood of the radius r of ε such that
We also make common assumptions, see for details [1, 21] , that the operator F has the Lipschitz continuous Frechét derivative
Similarly with [5] we choose the constant
Through the paper as in [5] we assume that
where α is the regularization parameter. Equation (21) means that we assume that all initial guess ε 0 in the Tikhonov functional is located in a sufficiently small neighborhood V δ ξ (ε * ) of the exact solution ε * . From Lemmata 2.1 and 3.2 of [5] follows that conditions (22) ensures that (ε * , ε 0 ) belong to an appropriate neighborhood of the regularized solution of the Tikhonov functiona.
Below we reformulate Theorem 1.9.1.2 of [4] for the case of our Tikhonov functional. Different proofs of this theorem can be found in [4] and in [5] and are straightly applied to our case.
Theorem 1 Let Ω ⊂ R 3 be a convex bounded domain with the boundary ∂Ω ∈ C 3 . Assume that there exists the exact solution ε * ∈ G of the equation F (ε * ) = 0 for the case of the exact data (k * i , β * i ). Let regularization parameter α in (17) is such that
Let ε 0 satisfies conditions (21) . Then the Tikhonov functional (17) is strongly convex in the neighborhood V α (δ) (ε * ) with the strong convexity constant γ = α. The strong convexity property can be also written as
where (·, ·) is a scalar product. Next, there exists the unique regularized solution ε α of the functional (17) and this solution ε α ∈ V δ 3ν /3 (ε * ). The gradient method of the minimization of the functional (17) which starts at ε 0 converges to the regularized solution of this functional. Furthermore,
The property(24) means that the regularized solution of the Tikhonov functional (17) provides a better accuracy than the initial guess ε 0 if it satisfies condition (21). 
Numerical experiments
We minimized the Tikhonov functional (17) using the GlobalSearch Algorithm of the GlobalSearch object in MATLAB in the case of the onelayered waveguide. The exact values of parameters are chosen as follows: ε i = ε 1 = 2.383936 (quartz) and ε e = 2.21235876 (optical glass). The exact solutions (k 2 i ,β 2 i ) of the forward spectral problem for this waveguide are well known (see, for example, [19] ). We constructed the Tikhonov functional using five pairs of eigenvalues corresponding to the fundamental eigenwave, see Table 1 .
It follows from the results of [19] that for the wide range of frequencies the following formula gives a very good approximation from above to the permittivity ε e of the cladding of the waveguide:
Using this formula and condition (13), we took the first approximation to the vector of permittivities ε = (ε i , ε e ) as ε 0 = (ε 0,i ,ε 0,e ) = (β In our computations by analogy with [8] we introduced a randomly distributed noise in the propagation constants as
where β i are the exact measured propagation constants, α ∈ (−1,1) are randomly distributed numbers, and p is the noise level. In our computations we used p = 0.05 and thus, the noise level was 5%. In the numerical experiments we accounted this noise in perturbed operator (16) and also in the perturbed initial approximations
that we used in (17) instead of ε 0 . The regularization parameter was α = 0.01.
Some numerical results of reconstruction of the vector ε of the permittivies are presented at Figure 2 . The exact value ε is marked at Figure 2 by the big yellow circle. The approximated value ε α = (2.38393603911088, 2.21235872913944) of ε for the noise-free data is marked by the red triangle. The background of this figure is the pattern of the nonperturbed Tikhonov functional. Approximated values ε α = ( ε α,i , ε α,e ) of ε for randomly distributed noise β i with the 5% noise level are marked by the colored circles. The nonperturbed initial approximation ε 0 is marked by the red rhomb, and the perturbed initial approximations ε 0 are marked by the colored squares. The Table 2 presents results of the reconstruction for different initial guesses with random noise level σ = 5% in data. Using the Figure 3 and the Table 2 we observe that the approximate solutions were stable even for the randomly noised β i . Using the Table 2 we also observe that the computed relative error e = ε − ε α R 2 / ε R 2 is on the interval [0, 0.05], and thus, approximated values ε α differs from the exact values of ε not more than 5%.
Analogous results we obtained for the 20% noise level. We present reconstruction results in Figure 3 and in the Table 3 . Using the Table 3 The results of numerical minimization of the nonperturbed and perturbed (by the randomly noised propagation constants β i with the 20% noise level) Tikhonov functional. The background is the pattern of the nonperturbed functional.
Using Tables 2, 3 and Figures 2, 3 we conclude that the optimization algorithm with the proposed first approximations for ε 0 , computed using theory of [7, 19] , gives stable reconstruction of ε. Table 3 . Computational results of the reconstructions ε α,i , ε α,e together with computational errors e for different initial guesses ε 0,i = ε 0,e . Noise in data is σ = 20%.
ε 0,i = ε 0,e ε α,i ε α,e e
Discussion and Conclusion
In this work, we present new method for the numerical reconstruction of the variable refractive index of multi-layered circular weakly guiding dielectric waveguides using the measurements of the propagation constants of their eigenwaves. The method is new in the sense that instead of the conventional measurements of the time-dependent electrical field we use measurements of the propagation constants. Such measurements for a multi-layered dielectric waveguide of arbitrary cross-section can be done in the millimeter range by a resonance method [10, 17] . We present computational study of the reconstruction of function ε using propagation constant measurements. Theorem 1 guarantees convergence of this algorithm in the case if we have a good first approximation to the function ε. However, this is not issue in our case since the analysis of the forward problem developed in [7, 19] allows us to obtain a good first approximation to the refractive index of the waveguide, and we use this initial guess in all our experiments. We have confirmed our theoretical investigations by numerical tests, where we have obtained stable reconstruction of the dielectric permittivity function ε for random noise level σ = 5% and σ = 20% in data.
